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Abstract
This tutorial explains the mathematical ideas for the numerical algorithms
used in following a branch of equilibrium solutions for a scalar ordinary
differential equation (ODE), as well as for an n-dimensional system of
ODEs, with respect to changes in a single parameter.

1

Saddle-node bifurcation

The normal form of a (supercritical) saddle-node bifurcation is
ẋ = µ − x2 .

(1)

The stationary solutions of Eq. (1) are given implicitly by
f (x; µ) ≡ µ − x2 = 0.
These can be written out explicitly, x = x(µ), as
√
x± = ± µ.

(2)

(3)

To check the stability of either equilibrium in Eq. (3), we add to it a small
perturbation ∆x, x = x± + ∆x, and substitute this into Eq. (1),
˙ =
ẋ = x˙± + ∆x
(4a)
∂f
f (x± + ∆x) = f (x± ) +
∆x + O(∆x2 ).
(4b)
∂x x=x±
Since x˙± = 0 = f (x± ) and by neglecting higher-order terms in Eq. (4b), we are
left with
˙ = ∂f
∆x.
(5)
∆x
∂x x=x±
We see that
(
√
< 0 for x = x+ = µ , and
∂f
= −2x
(6)
√
∂x
> 0 for x = x− = − µ.
√
√
Hence, the upper branch x+ = + µ is stable and the lower branch x− = − µ
is unstable.
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Basics of continuation

Suppose we have found a fixed-point solution,
f (x0 ; µ0 ) = 0,

(7)

and we would like to continue this solution in a neighborhood of (x0 ; µ0 ). For
instance, one can find a stable solution of Eq. (1) by integrating this ODE
numerically, forward in time. In fact, this so-called false-transient approach to
finding a stable fixed point applies to finding solutions of much more complicated
systems of n ODEs or even to systems of partial differential equations. Note,
however, that it will not work for an unstable fixed point.
In the previous case of the normal form of a saddle-node bifurcation, we
already have an explicit equation for x = x(µ), and it is a simple exercise
to find a good approximation of a new solution for a small modification of µ,
µ = µ0 + ∆µ. This can be done with as high a precision as required, as long
as we stay away from the bifurcation point itself, where the derivative ∂f /∂µ
becomes unbounded.
Generally, however, we are only given implicit functions of state variables
and parameters, and we look for an explicit solution x = x(µ) that again fulfills
f (x(µ), µ) = 0

(8)

in a neighborhood of f (x0 ; µ0 ) = 0. In fact, these functions might only be given
numerically at a set of points in the (x, µ)-plane near (x0 , µ0 ).
The implicit function theorem guarantees the existence of such an explicit
solution. We set the total derivative df to be zero,
df ≡ fx dx + fµ dµ = 0,

(9)

where fx ≡ ∂f /∂x and fµ ≡ ∂f /∂µ are the partial derivatives, and get
fµ
dx
=− .
dµ
fx

(10)

This way we are able to update the state variable x with respect to a small
modification of the parameter µ = µ0 + ∆µ, according to
x = x(µ)

=

x0 +

≈ x0 −

dx
dµ

µ=µ0

fµ
fx

µ=µ0

∆µ + O(∆µ2 )

(11a)

∆µ.

(11b)

Equation (11) is referred to as the prediction step in the numerical-continuation algorithm, and it provides a first-order approximation of x in this algorithm.
A subsequent corrector of x is necessary to ensure that f (x, µ0 + ∆µ) = 0 with
sufficiently high accuracy. Such a correction can be obtained by a Newton-type
method.
2

As already indicated in the second paragraph of this section, before Eq. (8),
even when using corrections to ensure that one stays on a solution branch, the
continuation becomes difficult when approaching a bifurcation point. In the
previous example of a saddle-node bifurcation, the partial derivate fx tends
to zero as soon as we approach the bifurcation point, and thus dx/dµ blows
up there. To alleviate this difficulty would require an increasingly small step
size ∆µ as µ → 0 and one cannot quite reach the turning point nor continue
the bifurcation diagram toward the unstable lower branch. Note also that the
implicit function theorem does not apply for fx = 0 at the bifurcation point. A
mathematical trick to overcome this singularity problem would be to interchange
the roles of x and µ, as dependent and independent variable [4], but doing so is
impractical for large systems or for several distinct bifurcation points.

3

Pseudo-arclength continuation

A more elegant solution to continuation past bifurcation points is the use of
pseudo-arclength continuation. The idea is to avoid varying a particular state
variable x or parameter µ by parameterizing both via a new variable s,
x = x(s),

µ = µ(s),

(12)

df = fx ẋ ds + fµ µ̇ ds,

(13)

This way the total derivate becomes

with ẋ = dx/ds and µ̇ = dµ/ds.
We start as before with an initial fixed-point solution (x0 ; µ0 ) such that
f (x0 ; µ0 ) = 0 is satisfied, and try to find a new solution for (x, µ) near (x0 ; µ0 ).
Since we need to solve for both x and µ in Eq. (12) and we only have one
equation to do so, namely df = 0 in Eq. (13), the system is underdetermined,
and so we add the further restriction dx2 + dµ2 = ds2 . It is due to this restriction on arclength integration steps that the method is called pseudo-arclength
continuation.
With this restriction, we obtain a new, fully determined system for the twovector (x, µ)T as a function of s,
ẋ2 + µ̇2

=

1,

(14a)

fx ẋ + fµ µ̇ =

0.

(14b)

In this representation, we see that the vanishing of a partial derivate is no longer
a problem, and we are finally able to pass the bifurcation point. System (14) can
be solved by a predictor-corrector method, where the Newton-type iterations in
the corrector are typically restricted to be perpendicular to the branch being
continued. This restriction helps, in particular, to pass through turning points
of the bifurcation diagram and thus to continue from a stable fixed point —
obtained by the method of false transients, say — to the lower branch of a
saddle-noddle bifurcation; see, for instance, Fig. B1 in Appendix B of [3].
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Higher-dimensional systems

Consider next fixed-point continuation in a higher-dimensional system,
G(x; µ) = 0,

(15)

with x ∈ Rn , µ ∈ R, and G : Rn × R → Rn . The total derivate now is
dG =

∂G
∂G
dx +
dµ.
∂x
∂µ

(16)

In the one-dimensional, scalar case of fixed-point continuation with respect
to a parameter (Sec. 1), the difficulty at a turning point was that fx = 0. The
generalization to n ≥ 2 is that the Jacobian matrix, J ≡ ∂G/∂x, is going to
be singular at a bifurcation point, detJ = 0. In this higher-dimensional case,
as stated already at the end of Sec. 2, a simple interchange between a variable
and the parameter will no longer help avoid this singularity problem, and so we
proceed with pseudo-arclength continuation.
As in the scalar case of Sec. 3, we introduce an arclength variable s and
write x = x(s) and µ = µ(s). Suppose that a particular solution G(x0 ; µ0 ) = 0
is known, e.g. by forward time integration of the system ẋ = G(x; µ). We then
look in the neighborhood of (x0 , µ0 ) for a further fixed-point solution (x, µ) by
integrating
∂G
∂G
ẋ +
µ̇ = 0,
∂x
∂µ
||ẋ||2 + µ̇2 = 1,

(17a)
(17b)

where ẋ = dx/ds and µ̇ = dµ/ds. Starting from the initial point (x0 , µ0 ), we
are able to continue with a predictor-corrector method, where the Newton-type
iterations in the corrector are restricted to a hyperplane perpendicular to the
tangent of the continued branch in Rn .
Further details on the continuation of stationary solution branches in general,
and on pseudo-arclength continuation and other specific continuation methods
with respect to a parameter appear in Appendix B of [3], as well as in [1] and
[5]. Once can find more on Newton-type methods — including so-called quasiNewton methods, in which the functions f (x; µ) or G(x0 ; µ0 ) are only given,
and hence can only be differentiated, numerically — in Chapter 1 of [2]. All the
items in the short bibliography include many further reference sources for the
material presented briefly in this tutorial.
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